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Abstract

The solution of the general form of the integral
transport equation is expanded in terms of orders of
scattering. The method is applied to the analysis of
multiply Bragg-reflected neutrons in mosaic crystals,
making evident the vertical broadening of the reflected
beam as well as the consequential neutron leakage in
crystal spectrometers. A wavelength-dependent effec-
tive vertical mosaic spread of the crystal is defined as a
function of the mean number of reflections. A detailed
mathematical treatment is performed within the frames
of an infinite-plane slab model (both in reflection and in
transmission geometry) largely used in the literature in
the studies of crystal reflectivity. Experimental results
are also presented.

1. Introduction

The study of multiple-scattering effects in thermal-
neutron scattering experiments has attracted a con-
tinued and sustained interest caused by:

(i) the necessity to make corrections for them in
determining scattering laws and crystallographic form
factors;

(ii) the need to make greater use of single-crystal
monochromators, especially at low-to-medium-flux
reactors.

Up-to-date reviews of the former aspect of the
subject have been given by Sears (1975) and Becker &
Coppens (1974). The latter has been treated in some
detail by Werner & Arrott (1965) and by Werner,
Arrott, King & Kendrick (1966).

In the present paper, we recast the general integral
transport equation in an operator form, proper for
expansion in terms of orders of scattering. This
approach generalizes that of Werner & Arrott (1965)
who set up a pair of coupled integral equations valid
only for Bragg scattering.

The method is applied to the analysis of neutron
monochromation by reflection on ideally imperfect
crystals, both in reflection (Bacon & Lowde, 1948) and
in transmission (Dietrich & Als-Nielsen, 1965)
geometries.

Decomposition in terms of numbers of scatterings
has enabled us to make evident the effect of vertical
broadening of the neutron beam caused by multiple
Bragg reflections. Under some experimental cir-
cumstances, especially at large Bragg angles, this effect
could become very important, producing leakage of
neutrons out of the experimental device.

Experimental results confirming the theoretical pre-
dictions are also presented.

2. General analysis in terms of orders of scattering

The neutron field is described in the present treatment
by @(rk), the k density of the neutron vectorial flux.
So, the vectorial flux in r, through a unit surface normal
to n, F(r,n), is

F(r,n) = [ &(r,k) (2. n)dk, (1)

where @ = k/k and dk = k*dkdQ; dQ is an
infinitesimal solid angle centered on Q.

The scatterer is characterized by the following
macroscopic cross sections:

1, = total cross section for nuclear absorption;

du
d_ks = differential scattering cross section;
'

Mg . .
U= f i dk,= total scattering cross section:
f

where kis the wave vector of a scattered neutron.

Let us consider a convex sample of arbitrary shape
(Fig. 1). Let I,(ry) be the linear coordinate of the point
A(r,) measured along k,, relative to an arbitrary origin
and /y(r,) the coordinate of the point X(r,) lying on k.
At the same time, /,(r,) is the linear coordinate of X (r,)
measured along a certain wave vector k,, intersecting
ko at X (r,); ly(r, £) and [,(r, ) are the linear coordin-
ates of the boundary points B(r,,) and C(r, ),
respectively.
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The increase of the k density of the neutron flux at
the point /y(r,) due to neutrons passing from different
wave vector states |k,) to |k,) by scattering along the
segment [I,(r) — dly(r)), l,(r)] is given by

d
[ 1y( ), kol = dlg(r) f dkld—::s¢[ll(rl),kl]. @)
0

We suppose that d/y(r,) is large enough to include
structural and dynamical effects but, on the other hand,
small enough to involve single scattering only.

Equation (2) may be rewritten,

dd[1(r), kol = dly(r). S(kg, kp) DL1,(r)), k],
where

dug

dk, ®)

S(ky k) = f dk,

is the scattering operator.

The neutron group being at a certain instant of time
at the point A4 in the lk,) state is composed of the
neutrons entering the sample at point B in the same
state and covering the space B4 without interactions,
to which there are added the neutrons passing from
different 1k,) states to the lk,) state by scattering
along the line BA, afterwards being transmitted at A4,
ie.

Dl y(ro) kol = exp {—p(kg) Lo(ro) — Iy(rg, P !

X Dllylre, ) ko) + [ dl(r,)

x exp | ko) lo(ry) — Lo(e)1}

X §(k0, kl) o[ l]("])a k1]’ (4)
where
Ur(Kq) = p,(ko) + (ko)

is the total macroscopic cross section.
Introducing the notation,

Al(r), k] = exp [ur(k) I(r)] Pl (r), k],

Fig. 1. Diagram of a convex sample of arbitrary shape used in the
derivation of the general transport equation.
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we get from (4)
X[ lo(l'o), ko]

= X[ lo(l'o, F)’ ko] +rJ‘_d lo(rl) €Xp [/l T(ko) lo(rl)] §(km kl)

x exp [—u(k,) I, (e )l xl1y(r,), k). (%)
Equation (5) may be rewritten as

(i - ]:)X[ lo(re), kol = X[lo(l'o,p)’ ko),

L has

(6

where the the following

definition:
L = [di(r)explur(k,)l,(r)]
fr.F

linear operator

x S(k . k) exp [—u7(k) I(r)]. @)

In the above equation, i and f denote the initial and
final neutron states. A

Expanding the operator (1 — L)~!, we find for the
solution of (6)

Al(res kol = 5 Lrnll(r, p). k), ®)
n=0

where L” means n successive applications of the
operator L.

The interpretation of (8) is straightforward: the nth
term contains the contribution to neutron flux of the
neutrons reaching the point 4 in the k,) state after n
successive scatterings, to say nothing about their
trajectories and intermediate states. The initial states of
these neutrons are described by |k ,).

3. Multiply Bragg-reflected neutrons in ideally imper-
fect crystals

Later on, we shall focus our attention on multiple
elastic coherent scattering, only. The ‘background’
caused by incoherent and/or inelastic interactions
needs a separate treatment and will not be considered
here. Accordingly, we shall operate with a differential
scattering cross section, dup/dk,, corresponding to
Bragg scattering. At the same time, the total cross
section is separated into two components:

Lr=pp+ U,

where u, is the total macroscopic elastic coherent
scattering cross section while u corresponds to all the
other neutron—crystal interactions.

Fig. 2 shows a reference frame which contains in the
horizontal plane the most probable wave vectors for the
incoming and reflected neutron beams, k, and ki,
respectively. The i axis is antiparallel to the most
probable orientation of a certain reciprocal vector of

the crystal lattice. (k) and (k) are the projections, on
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the horizontal plane of k; and k, the wave vectors
of a certain neutron before and after reflection at a
crystalline plane, the horizontal and vertical mosaic
angles of which are ¢ and y. y, and y, are the
corresponding horizontal divergence angles. J, and 6,
are the vertical divergence angles measured between k;
and k, and their projections on the horizontal plane. 8,
is the most probable Bragg angle.

In this particular reference frame, assuming normal
distribution functions, wy(¢) and w,(y), for horizontal
and vertical mosaic angles, the scattering operator may
be expressed (see Appendix A) as follows:

Q. 1
v/ 2an, \/87nn,lsin Gl

x [ dldyds, expl=(y,+ 7)/813]

Sk, k) =

x exp [—(8; — 8,)*/8n% sin? Ol o(k, — k ;)
x 0(y; + y; — 28), 9)

where Q, is the well-known crystallographic quantity
given in (47) while 5, and #, are the standard
deviations of wy(¢) and w,(y); the variable £ is defined
in (49).

Owing to &(k;—k,) in the above equation, the
operator S(k,,k,) commutes with the exponentials in
(7) and, consequently, (8) takes the following form:

1lo(re), kol = go T,8" xl1,(r, ).k, (10)
where N )
o= o) exp lrlly(e) = L))
xr‘}:dzl(ra exp Luzl(e) — (]} ..
X T8l (e)exp el (6 = h(x 1.
.

i (k)
Fig. 2. Vector diagram in the horizontal plane illustrating the
diffraction in a mosaic crystal.

MULTIPLY BRAGG-REFLECTED NEUTRONS

T, takes into account the flux changes along the zig-zag
trajectories in the crystal of the n-times reflected
neutrons. The remark that the total Bragg-scattering
cross section is essentially different from zero only for
k; and k lying in narrow angular ranges around k; and
k. [see (48)] justifies the approximation in which the
linear coordinates /(r;) are measured along the most
probable wave vectors.

Furthermore, the action of the function
6(y; + y,—2&)in (9) leads to
- Up
§n(ky k, =————fdk,,d _do,

Kok v/ 87nn,, Isin Gl y

x exp {—(8, — 6)*/8nn? sin? 6} 6(k, — ko)
X Olyp + (=1)"(&—y,) — &L (12)

From the above equation, it is worth noting that after
an even number of reflections (transmitted beam) the
horizontal divergence angle has the same value as
before the first reflection. If # is odd (diffracted beam),
the horizontal divergence angle is modified and
correlated with the magnitude of the wave vector
through (49).

On the other hand, as we can see in (45), the vertical
component of the neutron trajectory is independent of
the horizontal one as well as of the deviations of the
magnitude of the wave vector from the most probable
value. As a consequence, if in the incoming beam the
vertical divergence angles are not correlated with the
horizontal divergence angles and with the magnitude of
the wave vector, we can write

| l,(l‘), ki s 51] =g Ii(ri)a ki, 7,-] 0(51)

for any value of i.

Then, the observation that according to (48) uj is
not dependent on the vertical divergence angle or
mosaic spread, leads to the following equation:

§2/+1 <p[121+ 1(1'2j+ l.F)’k2j+ 1 Y25+ i 0(52j+ y)

= Uyt Dlly, ((ty 1,60 kos 28 — 751 0(p), (14)

(13)

where

1
v(Jy)

 \/81(27 + D7y ! sin

8(2j + ntsin? §,
(15)

Oyirq — Og)?
X fd521+1eXp [_ ( AL 0) ]

X 0(0y;, )

Furthermore, from the obvious relation
fU((So) d(so = f v((Szj+ 1) d52j+ 1

we conclude that even if the vertical angular distri-
bution of neutrons could be modified by reflection, it
does not influence the crystal reflectivity.
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The reflectivity operator

If r, is a boundary point at which the diffracted
neutrons are emerging from the crystal, we write

«©

¢[10(r0), k0’ yO] = Z ¢2j+ 1[10(r0)9 kO’ 70]’
j=0
where
¢21 + l[lo(ro)’ kO’ ‘YO]

= ﬁ2]+1 Bl (T 1, Fkagirs Yoy 41l (82540

is the flux density of the (27 + 1)-times reflected neu-
trons.

R,;,, is the operator of the partial reflectivity,
defined by

R,; .1 = [dd,exp [—uly(ry)]
X Tyyo1€XD Lpgly, (T3, 1, )ISYHL (16)

It acts on the angular variables of ®[l,;,,(ry;,, ),
k,;, 1] and has the proper values R, ;, i.e.

ﬁz/n Pl 1Py ps Kyail

=R2]+l(p”2j+1(r21+1,l-‘)’k0’2§_ Yols amn
where
Ry =exp (=7 Lo(rp)] .Uzzgj“
X exp Lurlyy 1 Py 1,0 Topise (18)

Through u,, according to (48), R,;,, is a function
of the variable &
Evidently, the operator of the total reflectivity has
the following definition:
R=
i

Ry, (19)

TM8

The mean number of reflections

The mean number of reflections in the diffracted
beam is defined by the following equation:

<”> =3 (27 + 1)F21+1[Io(|'o), “o]/F“o(l'o)v nol, (20)
j=o
where
F,; 1[ly(ro), ngl =[Py, 1 1o(rg), kol (R. ng) dkg

according to (1) is the partial vectorial flux of the
(2 + 1)-fold reflected beam; n, is parallel to the most
probable direction in the emerging beam.

Assuming a uniform and collimated incoming beam,
with a, and B, horizontal and vertical collimation
angles, i.e.

‘p[lzn l(l'21+1,r)9 kz]+1]
= <I>(kzj+ 1) €Xp (_y%j+ 1/20'%1) €Xp (_5%j+ l/zﬂ%)’
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‘we get

<">=IZ (2 + D[Ry, (H A&/ [R(E) dE
=0

o0
=2 Q2j+1I;,,,
j=0

21

where I;, ,, the ratio of neutrons undergoing (2j + 1)
reflections, is nothing but the relative value of the
integrated partial reflectivity.

4. Reflectivity of a plane infinite slab in reflection
geometry

The unsymmetrical reflection case, for an infinite plane
slab of thickness ¢ is illustrated in Fig. 3 which is
obtained from Fig. 2 by drawing in the crystal faces. y,
denotes the angle between n, (the inward normal of the
crystal surface) and the normal to the most probable
reflecting planes under consideration. y, and yy are the
direction cosines of k, and k. with respect to n_:

Yo = sin (65 — x,),

yu= —sin(fp + x,).

Remembering that |k, denotes the initial wave-
vector state of neutrons attaining the final |k,) state
after n successive reflections, we write

(kZJ)most probable — ke

(22)

The geometry of the problem allows us to use only
one spatial coordinate, x, measured along n.. Then the
linear coordinates of a certain point x, measured along
k,;or ky;, ,, are given by

Ly(x)= (x — 8/lyul,

(k21+ l)most probable — kl'

Lj i) = x/174. (23)
kF
nt
O, .
j
[
0 \s K, r
t
: l
R
n, i
Fig. 3. The most probable path in a plane-slab crystal in reflection
geometry.
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In the general formulae of the previous sections every

r, is replaced by x,, while
x,=0
x2j,F= t(J = 19 29 . -)9
X4,r=00=0,1,...).
Then, from (11), (18) and (23),

‘u§1+1

SALPTEEPET Ysj01(0, 9, 249
where
1 1
a=lr\——F—T7—1
7! lyal
u,-= axi (i= 19 29 . ')9 (25)
u0=at
I,
I_ZJI,llll T 17 T
T Bg=0005 a
1— -
0= 5
- 7
ik
0=
it Ll ‘Zgl/‘
f 0 7’ N
[zl-rl (a)
1 ™ T T T T T

and

Uy u Uy
Yaj(yug) = [ duje™ [ duse®> [ duze™...
u 0

u;

Uay-1 4y
coo [ duget [ duy;, e

0 Uy

From the above equation we can easily obtain the
recurrence relation
Uy u
Yoo (ug) = [ du'e™ [ du"e""Y,;_,(u",uy)
u 0

(26)

as well as
Y (nup) = e — e,

In what follows we look for a solution of (26) of the
following form:

Yoie1(ts tg) = P(u) ?_u — Pi(ug)e™™ + Q(u)— Q (),

27

7[2)”
T IIII

Be= 002

10 1|
10

2 3 /ﬂl'
@ 17 10 /3

Fig. 4. (a)-(d) Relative integrated partial reflectivities in reflection geometry, corresponding to several values of the reflection order at a
given relative thickness 7.
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where

J J
Pw) =Y Alu, Q,u)= 73 Bld, (28)
=0 =0
with
Al=1 and Al=Bi=B!=0.

Introducing (27) and (28) into (26), we get the
following recurrence relations:

Jj-1
Aj=P;_(upe™+ Q,_(u) + ¥ Al-'m!

m=0

Jj—1
—'S (1Bl m
m=0

(29)

Jj-1
B{=P;_j(uje o+ Q;_ () — Y (=1)y"Bj 'm!;
m=0

B{=— :z' o8 g
(i=23,...)
For u, = co we assume the simple form:
Yy .1(u,00) = Pi(w)e™, 30
for which one obtains
Al=(@+1) 2/ -0t (31)

NG—D1G+ D
For the symmetric reflection (y,=0), introducing
the notation:

sin &, . .
tp= = penetration depth in the absence of
U Bragg scattering, in reflection
geometry;
R=1t/tys B=Q./u; (32)

[02: T T T T UL T T

F <M ]
10

B o
T 0

Fig. 5. The mean number of reflections in the reflection geometry,
corresponding to several values of the relative thickness 7.

515

a=Bwy(&); B= Bwy(0);

we get

uy=21x(1 + a) (33)

and the reflectivity takes the following form:

a 2j+1
Ryn= [m] Yy, 1(0,u). (34)

Figs. 4(a)-(d) illustrate I,;,,, the relative values of
the integrated partial reflectivities, vs f, for several
values of the parameters 7. As expected, the greater
the thickness of the crystal, the greater the amount of
multiply reflected neutrons.

The mean number of reflections, defined by (21), is
plotted in Fig. 5.

The calculations have been carried out with the help
of an IBM 370/135 computer.

5. Reflectivity of a plane infinite slab in transmission
geometry

Fig. 6 illustrates the case of unsymmetric transmission
geometry. y, denotes the angle between n, and the most
probable reflecting planes.

The direction cosines of k, and k, are now given by

Yo = cos (6 — 1),

yu=cos (b + x). (35)
Equations (22) and (25) are still valid, while
Lix)=x/lygl (j=0,1,..),
Lyj 1 (%) = x/ 1y, (36)
and
Xo=t, x;=0. 37

T

b l

n
Fig. 6. The most probable path in a plane-slab crystal in
transmission geometry.
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Consequently, according to (11), (18) and (37), we
obtain

1+ exp (—urt/ye)
I}’{-IH %|azj+l
where

Uy L
Yy (ug) = [ du,e™ [ du,e”. ..
0 (1}

(38)

Ryj= Y2j+1(u0)9

Uzj—1

Uyy
. J du,; ety [ duy;, e u+ (39)
0

The case of unsymmetrical transmission is con-

sidered in Appendix B.
In the symmetrical geometry, a = 0 and

Ryjer =€ I p¥H1/(2) + 1), (40)

where

y=at;, tr=1t/t;, 40"

t; = cos B,/ u = penetration depth in the absence of
Bragg scattering, in transmission
geometry.

From (19) and (40) one obtains for the total
reflectivity

R =e¢ @*Vsinh y,

i.e. the expression given by Dietrich & Als-Nielsen
(1965) for the symmetric case.

I23.4
l;llll ! T TT [ [ TT _

2

J

b

10? 0’

Y (Zj+1)

Fig. 7. Relative partial integrated reflectivities in transmission
geometry vs reflecting order, corresponding to several values of
¥o- Even if this function is defined only for odd-integer values on
the abscissa, the points corresponding to the same y, are joined
for the clearness of the diagram by a solid line.

i
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The partial reflectivities have now some peculiar
properties. So, as can be easily obtained from (40),
when

2j+ 1< y,=prp,

the partial reflectivity is split with respect to the
variable &, having two symmetric maxima for

Yo 172
fsz:i'hl[zm (2j+ 1 )] .

When 2 + 1 > y,, the partial reflectivity is a clockwise
function centered on &=0, as well as the total
reflectivity.

In Fig. 7 are shown I,;,,, the integrated partial
reflectivities, vs reflecting order, for several values of y,,.
Even if these functions are defined only for odd-integer
values on the abscissa, the points corresponding to the
same y, are joined, for the clearness of the diagram, by
a solid line. It is worth noting the presence of maxima
in the dependency of integrated partial reflectivities on
the reflecting order; the more pronounced, the greater
the values of y,.

In Fig. 8 is plotted, as a function of y,, the mean
number of reflections, given in this case by

(nyy= [ ey coshydé&/fesinhydé.
6. Vertical broadening of the beam. Neutron leakage

It follows from (15) that, in the case of a vertically
collimated incoming beam, the distribution function of
the vertical divergence angles of (2 + 1)-times reflec-
ted neutrons is given by
Vyjs 1(Bg) = Bol B3 +4(2) + 1) n% sin? G172

x exp {—03/[2% + 8(2j + 1) sin? 6,]}
so that (41

PUy(r)oB) = 5 By rllolt)lvy 1B (42)

Jj=0

10— T T 11 1T 110 1 1T1H

= <>, ]
0=

-
10—

/ Lol b

v’ 1 0 vy,

Fig. 8. The mean number of reflections in the transmission

geometry.
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Assuming that v(d,) is a Gaussian distribution, from
(41), (42) and the definition of the mean number of
reflections, (n), we obtain

v(8y) = Byl B2 + 4{n) % sin? G2
x exp {—03/128% + 8{(n) nsin? Gyl}. (43)

Hence, the multiple Bragg reflections induce, when
{n) takes large values, a pronounced vertical broaden-
ing of the diffracted beam, accompanied by a com-
plementary diminution of v(0).

A wavelength-dependent ‘effective vertical mosaic
spread’ of the crystal may be defined by

= V/{n) 1y (44)

This is the quantity which must be used instead of 7,,
in calculating the resolution function of crystal
spectrometers.

In order to estimate how important the vertical
broadening is likely to be quantitatively, we have
calculated the ratio between the instrumental intensity
obtained for several values of (n) and that correspond-
ing to (n) =1, when this effect is neglected. For a
triple-axis neutron spectrometer, with a double-crystal
monochromator unit, in an elastic-diffraction set-up, in
the case of a cross section (and resolution function) iso-
tropic in Q-space this ratio is given by (Grabcev, 1973)

I, (c+ D@2+ 1) V2

1, = [@+myeet + ()

where
¢ = Bo/2n,Isin Gyl.

We have assumed identical single crystals and vertical
collimation angles.

In Fig. 9 I,/I, is shown, calculated as a function of
{n), for several values of the parameter c. Taking into
account that values of ¢ of about 1 and of (n) greater
than 2 are usual, we conclude that the neutron leakage
caused by the vertical broadening of the reflected beam

/ I/l

a5

L1 rll
L 5678910

20 30 4050
<n>

Fig. 9. Diagram illustrating the neutron leakage caused by multiple
Bragg reflections in monochromator and analyzer crystals of a
triple-axis spectrometer.
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may involve important losses of experimental intensity.
This is in agreement with the results of Riste (1970)
and Nunes & Shirane (1971), who by using vertically
bent crystals have compensated for the vertical
broadening (or a part of it) by spatial focusing,
attaining essential gains of luminosity. The neutron
leakage is expected to be very pronounced in back-
reflection spectrometers.

7. Experimental results. Discussion

The mean number of reflections may be determined
experimentally from the width of a vertical scanning,
performed by rotating the crystal about the horizontal j
axis contained in the reflecting plane (Fig. 2), in a white
neutron beam.

It is easy to show that when y, is the vertical
missetting angle, the vertical divergence angle of a
reflected neutron becomes

0y =0¢— 2y, sin B,

Therefore, if §, and B, are the vertical collimation
angles of the collimators defining the incoming and
reflected beams, taking into account (43) we obtain for

-the intensity of a vertical scan the following equation:

I(y)) = [v(d, — 2y, sin ;) exp (—03/283) dJ,
= \/2nBy Bl B3 + B} + 4(n) 1} sin? G112

X exp{—4y?sin? 6,
x [2B% + 282 + 8 (n) n, sin?G,]~'}. (46)

Introducing widths instead of standard deviations,

ie.
b;=+8mm2p, and m,=,/8ln2p,

the width of a vertical scan is given by

=11 + (n)m2]\?, 47

where
(b5 + bD"?
°" 2lsin g,

is the resolution width of the experimental set-up. It
may be measured with a perfect crystal.

In order to obtain a suitable value of /, we have put
b, = b, = 10’ and have performed the measurements of
the vertical scans at large Bragg angles.

The experimental values of (n) obtained for
Cu(111), Zn(002) and Pb(111) single crystals, in
symmetric reflection geometry, are compared with
theoretical values, (7)., in Table 1. Besides crystal
thickness and horizontal mosaic spread, the reflectivity
is defined in terms of intrinsic material parameters B, f,
and ¢, from (32) and (40'). In calculating (7)., We
have used the wavelength-dependent values of B and ¢,
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Table 1. The experimental values of the mean number
of reflections obtained from the widths of vertical scans
in reflection geometry.

The relative errors are about 5%. ()., has been calculated
within the infinite geometry model.
Crystal A(A) M esp,

(M neor.

Cu(111)
145 x 52 x 100 mm

2.92
3-17
3.37
3.52
3.75

2.02
3-46
3-80
4.05
4.28

2.85
4.47
4.81
5-13

[\
[=,}

Zn(002)
10 x 65 x 142 mm

Pb(111)
11 x 60 x 163 mm

BGG W DD
WO AW DO QWO S
FOLEN NEEWD AW
N—=OVR ONORN— OV —

defined in terms of experimentally determined u
(Grabcev, 1979).

We can see in Table 1 that, as well as in the case of
experimental determination of peak and integrated
reflectivities (Popovici, Gheorghiu & Gelberg, 1969;
Dorner, 1971; Malik, 1976), the experimental values of
(n) are smaller than those predicted by theory. These
differences are partially explained by the fact that
experiments are carried out with finite beams and
bounded crystals while the theoretical values are
calculated within the infinite geometry.

Nevertheless, the customary model of infinite plates
is largely used in the literature in analyzing the crystal
reflectivity because it provides analytical solutions easy
to handle with transparent physical meaning. That is
why, in order to outline the salient features of multiple
Bragg reflections, we have preferred to use this model,
the calculation of the exact numerical value of {n) for a
certain experimental situation being beyond the scope
of the present paper.

In particular cases with finite geometries our method
is similar to that of Werner, Arrott, King & Kendrick
(1966), but taking into account at the same time the
vertical divergence angles and mosaic spread.

Concluding remarks

The general method presented in § 2 may be applied
in analyzing the multiple-scattering effects for any
scattering cross section and for any sample geometry.
In the particular case of elastic coherent scattering it
closely parallels that of Werner & Arrott (1965).

In any case, when single crystals are used as samples
in neutron-diffraction experiments, the calculation

MULTIPLY BRAGG-REFLECTED NEUTRONS

method may be applied to include vertical broadening
in the corrections for secondary extinction.

It has been shown that the crystal reflectivity
depends only on the horizontal mosaic spread, while
the vertical mosaic spread determines solely the
distribution of vertical divergence angles in the diffrac-
ted beam.

Beyond the rather academic interest for comparing
relative reflectivities in terms of reflecting orders, we
succeeded in calculating the mean number of reflections
defining the effective vertical mosaic spread of the
crystal, and from this the resolution function of crystal
spectrometers.

The present paper provides supplementary argu-
ments to support Freund’s (1975) proposal concerning
the use of single-crystal monochromators with aniso-
tropic mosaic structure: a suitable horizontal mosaic
spread will ensure the most convenient compromise
between resolution and intensity while a small vertical
mosaic spread will avoid an exaggerated broadening of
the reflected beam.

APPENDIX 4
Elastic-coherent-scattering cross section of mosaic
crystals

The elastic-coherent-scattering cross section of perfect
crystals is given by (Cassels, 1950)

dug, QuPIFI2
dk, Vi

where F is the structure factor squared times the
Debye-Waller factor and ¥, is the volume of a unit
cell; Q = k; — k/ is the scattering vector.

In the reference frame illustrated in Fig. 2, in which a
certain reciprocal vector of the most probable mosaic
blocks (¢ = w=0) is in the opposite direction to the i
axis (i.e. Tt = —ri), the corresponding reciprocal vector
attached to a mosaic block, described by the horizontal
and vertical mosaic angles ¢ and y, respectively, is
expressed as :

T=—7i—19j + TVk

D 3Q + 2m0)dk; — kp), (A1)

(42)
If Q,, 0, and Q, are the Cartesian components of Q,
Q, = 2k;sin by + (y, — y)k,cos O,

Q, =k, (y; + y,) sin G,

Qs = k,(&, - 5/—);
from (A1) and (42),

kf = kl' = k,[l + (‘yf - (P) cot 03]9 (A3)
Vr=20— s (44)
O;=5; + 2y sin 6. (45)
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The elastic-coherent-scattering cross section of
mosaic crystals is found by averaging (41) with respect
to the mosaic block distribution, i.e.

Ay _ (A,
dk, dk,

Hence, when the distribution functions w,(p) and

" w, () are Gaussians,

wy(9) = (1/\/27n) exp (— 9%/ 21%)

wy(@) wy(y) dp dy.

and
wy(y) = (1//27n,) exp (—y*/2n}),
the scattering cross section becomes

dug Q. 1 1
dk, \/27n, K2 +\/8an,Isin Gyl

X exp[—M] exp[

8n%

(6, — 6, ]

B 8#n% sin? G,

k—k
X 5(k,-k,)5(y,—y,+ 2 ’k ! tan 0,,),

I
(46)
where
QP IFI2
~ V2K3isin 26,

Q. is proportional to the total macroscopic elastic-
coherent-scattering cross section of single crystals. So,
for a perfect crystal

Q. A47)

Hg, = Q:9(2),
while for a mosaic crystal

tg = Qcwy(8), (48)
where

k,—k,
&=y———"tan 6, (49)
kl
APPENDIX B

The unsymmetrical transmission case
From (39) we can deduce the recurrence relation
u u'
Yy (@) =fdu' e [ du” " Y,;_,(u") (B1)
0 0

and
Y(@)=1—e"

519

We try to find for (B1) solutions of the form
Yy () =P;uw)e™ + Q,(w),

where P;(u) and Q,(u) are polynomials as in (28).
Introduction of these into (B1), after integration, results
in the following recurrence relations for the coefficients:

J-1 J-1
Al=— 3 A 'm! + 3 (—D"BL 'm!;
0

m=0 m=

=t i+ m—1)
5 i+m

4i=— —— AL (=12
m=0 [
J-1 j—1
B{= 3 Al7'm!— ¥ (=1)"Bl'm!;
m=0 m=0

j—1 .
/="y =D gy
m=0

m—1*
i!

From the above equations we find, by complete
induction, the following relations:

. CQi-i
A= OO G
By = -1yt D

i — it
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